Lecture 11
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Support Vector Machine
(SVM)
Part 1: Hard Magin
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Support Vector Machine

e |f the data is linearly
separable then there
exist infinitely many
solutions.

e \Which solution is the
best?
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Support Vector Machine

Choose the line farthest
from both classes.

I.e. Choose the line
which has the maximum
distance from the
closest point.
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Support Vector Machine
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Support Vector Machine (SVM)

The goal is to learn a hyperplane that discriminates between classes; we rare Merein
find a decision boundary which finds the maximum separation between
two classes. We consider two cases:

Hard Margin: Classes are linearly separable. We find a hyperplane with
margin that maximally separates the two classes.

Soft Margin: Classes are not linearly separable; we allow error (slack) in SR
the model fitting and find a decision boundary with the minimum slack
required to discriminate between the two classes.
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Support Vector Machine

lllustration. If the data is linearly separable, there exists an infinite
number of hyperplanes that can separate the two classes. The algorithm

looks for the best hyperplane; the one with maximum margin.
E ®
i | °
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Support Vector Machine (Hard Margin)

Hyperplane separating the two classes: 37x + fy = 0
let labels are y; € {—1,1}

we can classify points as sign{d;} where d; = 37x; + S
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Classification

Support Vector Machine

Margin: the distance between the hyperplane and the closest point.
Goal: maximize the margin.

Margin = min{y;d;} i=1,2,...,n
where y; is label and d; is distance
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Support Vector Machine (Hard Margin)

/3T33 + Go= 0

margin

« , O

e A
I
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Support Vector Machine (Hard Margin)

(/)3 is orthogonal to the hyperplane. Consider any x; and x, not on the

hyperplane.
A
Then
B'xi+Bo=B"x2+B = 0 ;»/'1
= BT (x;—%) = 0 N
= (3 is orthogonal to (x; — x3). ; S BT o=
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Support Vector Machine (Hard Margin)

(/) for any xo on the hyperplane,
B'% + 6o =0=8"xg = —B
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Support Vector Machine (Hard Margin)

(/1) The distance d; is the projection of (x; — Xg) to the direction of 5.

J BT (x; — xg) i

18] :

= IBTX,' = ,BTX() . -
E g

Ty.

o B x; + Do 4 BTz + Bo= 0

18]l g
Thus margin = min{y"(ﬁﬁg"lrﬁ‘))}
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Support Vector Machine (Hard Margin)

(/V) If the point is not on the hyperplane then

Bz + o= 0 .
y;(ﬂTX,' + 60) > 0= | . . "
yi(B"xi+ B) = c= ey ol

. , P 7

B7x; + Bo '
I = 1= . 4 margin
a c ) 2 S
- A C = HT;”'

There exist 3 and [3 such that y;(87x; + 3) > 1

Therefore margin = -
”ﬁ” 322
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Support Vector Machine (Hard Margin)

The original problem can be reduced now to:

2
||||n = 13

subject to
yi(/BTxi_'_ﬂO) Z 171.: 17"'9”

323

Classification Ali Ghodsi



Support Vector Machine (Hard Margin)

Form the Lagrangian
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Support Vector Machine (Hard Margin)

Setting the derivative to zero, we obtain:
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Support Vector Machine (Hard Margin)

Substituting this in the Lagrangian we obtain:

/- —Za, ——Yy‘a QY YiX; xJ

=% =1

subject to:

£
'V
o

TANgh
9
<
|
(@5
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Support Vector Machine (Hard Margin)

from the complementary slackness (KKT conditions) we have
a;[yi(BTx; + By) — 1] = 0 we can see that

o if a; >0, then y;(B"x; + By) = 1, i.e. x; is on the margin. This
point is called support vector.

o if yi(B"x; + ) > 1, x; is not on the margin, and a; = 0
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Support Vector Machine (Hard Margin)

This Is a convex optimization and can be solved by quadratic
programming.
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Classification

Kernel Methods

X — d(X)

X
~

(figure from Scholkopf and Smola 2002)
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Two dimensional classification example. A separation
in feature space can be found using a linear hyperplane
(right). In input space this construction corresponds
to a non-linear ellipsoidal decision boundary (left)
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Kernel Methods

Classical Example:

<¢(X)' @(XI» = (Xl » X2 \/_X1X2)(X1 ) X2 \/—X1X2)

Common Kernels:

(a1 22) (x4 30) )’
= {x,x)
= KX
el inear Ki = (X, X)
ePolynomial  K; = (14 (X, X;))P
—[|1Xi = Xi|?

e Gaussian Ki: = e
g 202
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Kernel Methods

Classical Example:

(6(x), 9(x)) = (x5, %3V 2x1%2) (X7, x5 V2x1%;)

— ( X]_ X2 Xl X2 T)2
=~ < X, X >
= K(X,X')
Common Kernels:
el inear KU = <X,)<J>

ePolynomial  K; = (14 (X;,X;))P

eﬂm—&w

e Gaussian Ky = =
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Classification

Observed and Feature

X = o(X)

Observed Space  Feature Space
High-Dimensional
Space

e The coordinates of the points in the feature space are not needed,
only their pairwise inner products.

e The pairwise inner products can be computed efficiently directly
from the original data items using the kernel function.

e We never compute ¢(X) explicitly.
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Example

e Load the sample data, which includes digits 2 and 3 of 64
measurements on a sample of 400.
load2_3.mat

e Use PCA and project data in two-dimensional space.

e Create data
data= Y":

e Create a new vector, groups, to classify data into two groups
groups = [zeros(1,200)ones(1,200)];

e Randomly select training and test sets.
[train, test| = crossvalind('holdOut’, groups);
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Example

e Train an SVM classifier using a linear kernel function and plot the
grouped data.
svmStruct =
svmtrain(data(train, :), groups(train),’ showplot’, true);
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Example
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Example

e Use the svmclassify function to classify the test set.
classes =
svmclassify(svmStruct, data(test, :),’ showplot’, true);
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Example

e Use Kernel function
svmStruct =
svmtrain(data(train, :
), groups(train),’ showplot’, true,” Kernelgunction’, rbf")
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Example
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Example

e Use the svmclassify function to classify the test set.
classes =
svmclassify(svmStruct, data(test, :),’ showplot’, true);
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Example

341

Ali Ghodsi

Classification



	Slide 308: Lecture 11
	Slide 309: Support Vector Machine (SVM) Part 1: Hard Magin 
	Slide 310: Support Vector Machine
	Slide 311: Support Vector Machine
	Slide 312: Support Vector Machine
	Slide 313: Support Vector Machine (SVM)
	Slide 314: Support Vector Machine
	Slide 315: Support Vector Machine (Hard Margin)
	Slide 316: Support Vector Machine
	Slide 317: Support Vector Machine (Hard Margin)
	Slide 318
	Slide 319: Support Vector Machine (Hard Margin)
	Slide 320: Support Vector Machine (Hard Margin)
	Slide 321: Support Vector Machine (Hard Margin)
	Slide 322: Support Vector Machine (Hard Margin)
	Slide 323: Support Vector Machine (Hard Margin)
	Slide 324: Support Vector Machine (Hard Margin)
	Slide 325: Support Vector Machine (Hard Margin)
	Slide 326: Support Vector Machine (Hard Margin)
	Slide 327: Support Vector Machine (Hard Margin)
	Slide 328: Support Vector Machine (Hard Margin)
	Slide 329: Kernel Methods
	Slide 330: Kernel Methods
	Slide 331: Kernel Methods
	Slide 332: Observed and Feature
	Slide 333: Example
	Slide 334: Example
	Slide 335: Example
	Slide 336: Example
	Slide 337: Example
	Slide 338: Example
	Slide 339: Example
	Slide 340: Example
	Slide 341: Example

