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Decision tree

Classification



Decision tree

* Decision tree is a simple model
for classification or regression.

* |ts interpretation is easy.

* |t is very common in some
communities like health or
biostatistics.
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Example

* Lets begin with an example!

* Consider we want to classify people who have heart disease vs. who
do not have.
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Example

* For this purpose consider that we
have some measures.

* We can describe each patient by a
number of features.

— Cholesterol level

— Blood pressure
— Weight

Blood pressure

* We can represent the state of each
patient by a vector. W
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Example

* A decision tree classifier can categories the condition of a person
based on every measure.

- high cholesterol
— Does he have high cholesterol level? RS

— Does he have blood pressure? '“° | Vei"

— Is he a smoker?

high blood pressure?

no I yes

smoker?
no | yes
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Example

* This is the way that we treat many
problems personally.

* Decision tree is a model which
divides the whole feature space
into two parts in each step and at
the end it decides about the class
of each region.

 One of the features of this model is
its interpretability.
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Decision tree

* The idea behind tree is splitting
the feature space into set of -
rectangles.

* Fit a simple model to each

rectangle (e.g. constant, linear, . . .
) — g
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Example

X2 &
(]
‘P o o x1 < 81
' Ky yes | no
° ’ ° S4 e ° ’ , ‘
e ° 52 Xy < S3 Xz < 83
fr‘_): ) ) . yes I no yes I no
° "‘ _Dﬁ :r) | . ’ \ ’ ‘
e = ° o R X2 < S4 R
] e C, 3 yes I no 1 R,
° r ® ° ‘> , \
S3 §1 X1 R4 R5
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e Consider the data : N
n }/2
{(Xi,}’i)},-zl X = [, X5 w5 Rl e y=1| .
. Yn
Define: L 7 donx1

x;. — j'th row and all columns. (each row of x matrix is a feature)

x.; one column and all rows. (each column of x matrix is a data sample)

Classification Ali Ghodsi 405



* At each split we have two regions.

Ri(J,s) = {x.ilx;. < s}
RQ(jf 5) = {x:i|xj: == 5}

* We need to decide about j and s.

* To decide about these parameters we can define an objective
function.



* For simplicity, consider the model we want to fit for each region be a
constant value.

* Therefore in region one for example, we want all the target values to
be as close as possible to constant

min Z (vi — G1)°

G
YiER

* Since in each split we have two regions, we can write similar objective
for region two.

min Z (vi — G)°

G
y/'ERZ
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 Therefore we have:

- 2 . 2
min 3 (yi— G)*+min }_(yi— G)
yieR YieR2

* Finally we should also decide about j and s:

. » o 2 o o 2
min {mclln > =G +min 3 (v - G)
yYieR: Yi€ER?
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* In each split, this optimization problem must be solved.

: . o 2 : L 2
min | min 3 (5~ G+ min Y (0~ G
ViER: Yi€ER>

\ J
1

9

* If j and s are known. C; and C, would be:

G, = average{yily; € Ri}
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* How many choices we have for splitting if we know about feature j?

* Given j, we have only 7 possible choice for s.

Kj = [le,ij, "'JXJH]
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* One solution for this problem can be a brute force search.

Consider feature j each time
Test all n possible choices for s
Find C; and C, for given s and |
Repeat until finding minimum value for objective function

W

This is a trivial solution and we will see a better solution later

But we can build a tree any way

411
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Define:

Qn(T) = — > (i — Cm)?

n

where:

» m is a terminal node of the tree.

» R, Is a region.

> N,is the number of points in R,,.

» C,, is the constant that we fit in R,,.

» | T| is the number of terminal nodes.
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 Therefore the total error would be:

|71

Y 1 Qn

m=1
* When should we stop learning?

* It can be observe as we grow the
tree the error will get smaller.

* Like any other methods, decision
tree model can overfit.

Classification
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* How can we avoid overfitting?

— Cross validation
— Split until the error reduction is more than a threshold.(which is a bad idea!)
— pruning
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Pruning

Suppose that we make a tree 7, by
minimizing the cost function.

R = > (i — Ca)?

7| Yi€Rm
D 1@
m=1 X1 < S1

yes | no
X1 < S3 X2 < S2
yes l no yes | no
R3 Xy < S4 R
yes | no 1 R;
Ry Rs
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Model prediction error

Complexity
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Pruning

* Then we can start to merge the regions in order to make the tree
smaller which causes the training error to increase.

X1 < S1
yes I no s 1
l \ )
xq < S3 X2 < 52 S ,/
yes | no yes | no kS 9
k3
o
l \ 5
X S [
R3 os 2R44 o Rl R2 Err — O -
\,, | ‘ err — 2 T
Complexity
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Pruning

* We can add a regularization term to the objective function in order to
control the complexity of model.

T

Z anm + Oé‘ TD
m=1 /

regularizer

Model prediction error

Complexity
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Algorithm

Ty

1. Build tree 7", based on tree 7, by collapsing nodes that make,?f
smallest per-node increase. ‘1

I

2. Tree T, can be build based on tree 7. !

3. and so on.

|
Iy

Classification Ali Ghodsi



Based on this paradigm, the main cost function increases and the
regularization cost decreases in each step until to reach an optimum
point.

Optimum

o

Model prediction error

Complexity
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* In regression case, we tried to fit a
constant to a region.

* But in classification case we need
to find the regions which contain
samples from same class.

* We can change regression cost
with some sort of misclassification
cost.
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Node impurity measures

* Consider the classes of C = {1, 2,3, ..., k}

* Impurity:

 Misclassification:

e Gini Index:

* Cross Entropy

Classification
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Figure 9.3: Node impurity measures for two-class clas-
sification, as a function of the proportion p in class 2.

Cross-entropy has been scaled to pass through (0.5,0.5).

Credit: elements of statistical learning 422
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Main decision tree algorithms

Algorithm What makes it different?

ID3 Uses information gain (entropy) to choose splits

C45 Improves ID3 using gain ratio, continuous features, missing values, and pruning
C5.0 A more efficient successor to C4.5, with additional capabilities

CART Uses Gini impurity for classification by default and creates binary splits

CART stands for Classification and Regression Trees. Unlike the original ID3 and C4.5 algorithms, it directly
supports regression trees.

Classification Ali Ghodsi 422



Example: How they construct different trees

Suppose you're predicting whether someone buys a laptop, using:

e Age: 22, 35, 48..
e |ncome: Low, Medium, High
e Student: Yes or No
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ID3

Income

Low Medium High

424
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CART

425
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* Here's a useful practical connection:

e Scikit-learn's DecisionTreeClassifier and RandomForestClassifier use
an optimized CART-style tree algorithm.

e GitHub (scikit-learn/doc/modules/tree.rst at main - scikit-learn/scikit-
learn)



when you write:

</> Python

from sklearn.tree import DecisionTreeClassifier

from sklearn.ensemble import RandomForestClassifier

tree = DecisionTreeClassifier()

forest = RandomForestClassifier(n estimators=1@0)

You're effectively choosing between one CART-style tree and an
ensemble of 100 CART-style trees, with additional randomness

in the forest.
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A forest is many decision trees

One tree makes a prediction. Many trees combine their predictions.

ANV AES Ve

One prediction One combined prediction
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Classification by majority vote

Will this customer buy the product?

Tree 1 Tree 2 Tree 3 Tree 4 Tree 5
Yes Yes No Yes No

Final prediction Yes (3 of 5 votes)

429
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Why do we need different trees?

Same data + same deterministic training procedure

Same prediction Same prediction Same prediction

ldentical trees make the same mistakes.
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Random observations for each tree

X € R Rows = features Columns = observations

Original data (d=5,n=16) Training data for tree 1

1 2 3 4 5 6 1 3 3 6 2 6
Age 22 35 41 54 46 29 Age 22 41 41 29 35 29
Income 35 60 75 90 65 45 Income 35 75 75 45 60 45
Education 2 3 3 4 2 3 Education 2 3 3 3 3 3
Location 1 2 1 3 2 1 Location 1 1 1 1 2 1
Credit 620 710 680 760 690 | 650 Credit 620 680 680 650 710 @650

Draw n columns with replacement. Repeated columns are allowed.
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Random candidate features at a split

At the root of tree 1, randomly choose candidate rows.

1 3 3
Age 22 41 41
Income 35 75 75
Education 2 3 3
Location 1 1 1
Credit 620 680 @ 680

Example selected split

Classification

6 2
29 35
45 60

3 3

1 2

650 @ 710

Age < 35

29
45

650

Ali Ghodsi

Candidate features

Age and Income

Compare their possible splits.

Choose the split with the largest
impurity reduction.
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Observations reaching the left child

1 6
Age 22 29
Income 35 45
Education 2 3
Location 1 1
Credit 620 650

Fresh features at each node

35
60

710

29
45

650

New candidates

Income and Credit

Repeat at every node. Each tree also gets its own bootstrap sample.

Classification

Ali Ghodsi

433



Why combining trees helps

A deep tree can fit noise in its training sample.

Different samples and feature candidates create diverse trees.

Combining their predictions usually reduces variance
and improves performance on unseen data.

Trade-off

More computation and less interpretability than one tree.
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