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Classification

The problem of prediction a discrete random variable y from another
random variable x is Called classification. Consider /id data

(X1,¥1), .-, (Xn, Yn) Where

xi=| : |eXcR?

Is a d — dimensional vector and y; takes values in some finite set ). A
classification rule is a function h: X — ). When we observe a new x we
predict y to be h(x).
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Error rate

Definition: The true error rate of a classifier h is

L(h) = Pr(h(x) #y)

and the empirical error rate or training error rate is:

Z/(h ) # ¥i)
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Bayes Classifier

Consider the special case where ) = {0, 1} then

Classification

r(xo)

Ply = 1{x =)
P(x = x|y =1)P(y = 1)
P(X — Xo)

P(x = xly = 1)P(y = 1)

P(x = x|y =1)P(y = 1)+ P(x = x|y = 0)P(y = 0)
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Bayes Classifier

Definition: The Bayes classification rule h* is

1 i I,’\(Xo) > 1/2
0 otherwise

h(xo) = {
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Decision Boundary

The set D(h) = {x: P(y =1|x = xp) = P(y = 0|x = xp)} is called the
decision boundary.

1 if Ply=1llx=%) > Ply=0[x = x)
0 otherwise

h(xo) = {
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62



Classification, Ali Ghodsi

Bayes Classifier

Theorem: The Bayes rule is optimal, that is if h is any other classification
rule then L(h*) < L(h).
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Bayes Classifier

Why do we need any other method?
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Bayes Classifier

The Bayes rule depends on unknown quantities, so we need to
use the data to find some approximation to the Bayes rule.
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From Bayes Rule to Learning

The optimal binary classifier is

h*(x) =1in(x) > 1/2}, nx) =P(Y=1|X=x)

* The posterior probability n(x) is unknown.

o We observe only a finite training sample, so we must learn an
approximation from data.

* The key distinction is what statistical object the algorithm learns.
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Three Routes to a Classifier

Classification

Learn class-conditional densities and priors
Estimate p(x | y) and P(y); then use Bayes’ rule.

p(x|y), P(y) = P(y|x) = h(x)

Often called the generative route.

Learn posterior probabilities directly
Estimate P(y | x) without modeling the distribution of X.

P(y[x) — h(x)=argmax, P(y|x)

The estimator may be global / parametric or local / partition-based.

Learn a decision score or boundary directly

Learn f(x); its sign or largest component determines the class.

f(x) - hX)

The learned score need not be a calibrated probability.
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Examples of the Three Routes

Representative methods, grouped by the statistical quantity they aim to learn.

* 1. Class-conditional densities and priors
Naive Bayes, LDA, QDA
Estimate p(x | y) and P(y), then apply Bayes' rule.
* 2. Posterior probability estimation
Global / parametric: logistic regression, softmax regression, softmax networks

Local / partition: k-NN, classification trees, random forests

3. Direct decision-score learning

Perceptron, SVM, margin-trained neural networks

The category refers to the learning target; a model architecture may support more than one route.
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Multi-class Classification

Generalize to the case that y take on more than two values
Theorem: Suppose thaty € ) = {1,..., K}, the optimal rule is

h*(Xo) — argmaxk{P(y — k|X — Xo)}
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where

Multi-class Classification

P(y = k|x = xp)

fk(Xo)Wk

Zr fr(xo0)m

P(x = xly = 1)P(y = 1)

 P(x=xly =1)P(y = 1)+ P(x = x|y = 0)P(y = 0)
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Toward LDA and QDA

The simplest approach to classification is to use the first
approach and assume a parametric model for the densities.
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Linear Discriminant Analysis (LDA)

The simplest method is to use approach 1 and assume a parametric
model for densities. Assume class conditional is Gaussian.

Y = {0,1} assumed (i.e., 2 labels)

h(x) = 1 PLY :.1|x = i) o PLY = Dlw = x)
0 otherwise

P(Y = 1jx = x) = %97 (denom = P(x))
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Linear Discriminant Analysis (LDA)

1) Assume Gaussian distributions

fk(x) oy (zﬁ)d/21|):k|1/2exp( - %(X - :uk)Tzl:l(x = ruk))
must compare

fi(x)m1 . fo(x)mo
00 WIth =55

Note that the p(x) denom can be ignored:
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Linear Discriminant Analysis (LDA)

fi(x)my with fo(x)mo

To find the decision boundary, set

fl(X)Wl = fo(X)Wo
1

e &P(—3(x — 1) "X (x — ) =
(27T)d/21|}:0|1/2 E’XP(—%(X == ,uo)T):al(x = NO))WO

N |
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Linear Discriminant Analysis (LDA)

2) Assume 21 =Yy ,wecanuse X =2g=12 .

(x — 1) "2 (x — pa))m =
(x — po) "E7H(x — po))mo

1
(2m)d/2|£|1/2 exp(—

N = N =

1
(27)9/2|£|1/2 exp(—
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Linear Discriminant Analysis (LDA)

3) Cancel (27)~9/2|X|~/2 from both sides.

exp(—1(x — 1) TEH(x — jux))my = exp(—1(x — 110) TE"H(x — o) )
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Linear Discriminant Analysis (LDA)

4) Take log of both sides.

—3(x — 1) "E7H(x — pua)) + log(m) =
%(X — ﬂ.O)T)I‘l(x a ,LLO)) C |Og(7To)

5) Subtract one side from both sides, leaving zero on one side.

“Hx = p1) + log(m1) — [—5(x — p10) "E 7 (x — po) +

2
210" X7 x] + log(22) = 0
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Linear Discriminant Analysis (LDA)

Cancelling out the terms quadratic in x and rearranging results in
sl TE e TE g+ (20 TETE— 24 TET )] 4 log(2) =10

We can see that the first pair of terms is constant, and the second pair is
linear in x. Therefore, we end up with something of the form

a'x+b=0
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LDA

L |
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Quadratic Discriminant Analysis (QDA)

If we relax assumption 2 (i.e. X1 # ¥ ) then we get a quadratic equation
that can be written as:

x"TAx +b"x+c=0
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Gaussian Class-Conditional Models Yield

Quadratic Discriminant Functions

Suppose that Y € {1,...,K} , if fi(x) = Pr(x = x|Y = k) is Gaussian.
The Bayes Classifier is

h'(x) =arg max Ok (x)

Where

Ok(x) = —3log(|Zxl) — 3(x — pw) "Xt (x — pax) + log (i)
To compute this, we need to calculate the value for each class, and then
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Shared Covariance Reduces QDA to LDA

When Gaussians have the same covariance

2o=Yy1=2p=-++= 2k
(e.g. LDA), then

Ok(x) = x' Xy — %uli“luk + log(my)
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In practice

In practice we don't know the parameters of Gaussian and will need to
estimate them using our training data.

A == ~ ja— —

Ttx = Pr(y = k) ==

where ny is the number of class k observations.
i = & E i

Pk = T 2uiryi=k %

o nkl—d Zi:y,-:k(xf - /:\Lk)(xi - ,&'k)T

Mp
|
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If we wish to use LDA we must calculate a common covariance, so we
average all the covariances e.g.

k
T 2 r—1(nrXy)
Zf—l Hir

Where:
n, is the number of data points in class r
>, Is the covariance of class r

n is the total number of data points, and k is the number of classes.
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There is a trick that allows us to use the linear discriminant analysis
(LDA) algorithm to generate a quadratic function that can be used to
classify data. This trick is similar to, but more primitive than, the Kernel
trick that will be discussed later in the course.
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Alternative approach to do QDA

In this approach the feature vector is augmented with the quadratic
terms (i.e. new dimensions are introduced) We then apply LDA on the
new higher-dimensional data.
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Alternative approach to do QDA

Using this trick, we introduce two new vectors, w and X such that:
e T
w= [W17 Wa, ..., Wy, V1, V2, ..., Vd]

and

S . — 2 2 21T
K= [X17X27'°'7Xdaxl y X275 veey Xd ]
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Alternative approach to do QDA

We can then apply LDA to estimate the new function:
A AT

Blx, %) =F=W"% .

Note that we can do this for any x and in any dimension; we could
extend a d X n matrix to a quadratic dimension by appending another

d x n matrix with the original matrix squared, to a cubic dimension with
the original matrix cubed, or even with a different function altogether,
such as a sin(x) dimension. Note, we are not applying QDA, but instead

extending LDA to calculate a non-linear boundary, that will be different
from QDA.
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Classification

An alternative approach for QDA

The left plot shows some data from three
classes, with linear decision boundaries found by linear
discriminant analysis. The right plot shows quadratic
decision boundaries. These were obtained by find-
ing linear boundaries in the five-dimensional space
X1, X2, X152, X7, X3, Linear inequalities in this space

are quadratic inequalities in the original space.
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Linear Discriminant Analysis
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Figure 4.4: A two-dimensional plot of the vowel train-
ing data. There are eleven classes with X € R, and
this is the best view in terms of a LDA model (Sec-
tion 4.53.3). The heavy circles are the projected mean
vectors for each class. The class overlap is consider-

able.
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Linear Discriminant Analysis
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Computation

For QDA we need to calculate:

Ok(x) = —3log(|Zk]) — 3(x — pa) T (x — pk) + log ()
Lets first consider the case that

2= ;YK -

This is the case where each distribution is spherical, around the mean
point.
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Case 1

When 2, =1

We have:

81 = —Log (|1[) — 1(x — p1i)T1(x — pui) + log ()
but log(|/[) = log(1) =0

and (x — )" 1(x — py) = (x — ) " (x — pi) is the squared Euclidean
distance between two points x and
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Thus under this condition (i.e. ¥ = /), a new point can be classified by
its distance from the center of a class, adjusted by some prior.

Further, for two-class problem with equal prior, the discriminating
function would be the perpendicular bisector of the 2-class's means.
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Case 2

When 2, # I
Using the Singular Value Decomposition (SVD) of ¥,
we get

Ty = UeScUT

Note: ¥, is a symmetric matrix ¥, = ¥ , so we have ¥, = U, S U, .
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[X— pie) "X (K—ilke)

ST2UTx — S 2UT ) TI(S 2 UTx — S22 UT i)

(

(

— (U — Uy i) 7S 25, 2 (U x — U )

(

(Se P UTx— S, UL i) (S, 2 UTx — S, 2 U )

For o, , the second term becomes what is also known as the Mahalanobis
distance:
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Classification

L
Think of S, 2U, as a linear transformation that takes points in class k
and distributes them spherically around a point, like in Case 1.

Thus when we are given a new point, we can apply the modified o,
values to calculate h*( x) . After applying the singular value
decomposition, ¥, ' is considered to be an identity matrix such that

Sk =
—310g (1) = 3[(Sk * Ue x= 5 2 Ug i) " (S, * Uy x = 5, 2 Uy pauc)] + log (i)

and,

log(|/]) = log(1) =0
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The difference between Case 1 and Case 2 (i.e. the difference between
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: (a) b
illu . L ® e =

13 €
2 2 A o
/ Pl 16 3 5 A e 3 5
45 11 2 11 A
¥ g B 1 2 g 8 19
24 24 20 34 7 A z0
4l 1 A2 17 _,-—""/2
q0\. 2 10 2
A : =
< . N < B I3
3+ s
44 —_— 4 — e — —
5 4 3 2 1 1 4 4 3 2 0 1 3 < 5
x1
Ali Ghodsi 105

Classification



	Slide 57: Lecture 2
	Slide 58: Classification
	Slide 59: Error rate
	Slide 60: Bayes Classifier
	Slide 61: Bayes Classifier
	Slide 62: Decision Boundary
	Slide 63: Bayes Classifier
	Slide 64: Bayes Classifier
	Slide 65: Bayes Classifier
	Slide 66: From Bayes Rule to Learning
	Slide 67
	Slide 68
	Slide 69: Multi-class Classification
	Slide 70: Multi-class Classification
	Slide 71: Toward LDA and QDA
	Slide 72: Linear Discriminant Analysis (LDA)
	Slide 73: Linear Discriminant Analysis (LDA)
	Slide 74: Linear Discriminant Analysis (LDA)
	Slide 75: Linear Discriminant Analysis (LDA)
	Slide 76: Linear Discriminant Analysis (LDA)
	Slide 77: Linear Discriminant Analysis (LDA)
	Slide 78: Linear Discriminant Analysis (LDA)
	Slide 79
	Slide 80: LDA
	Slide 81: Quadratic Discriminant Analysis (QDA)
	Slide 82: Gaussian Class-Conditional Models Yield Quadratic Discriminant Functions
	Slide 83: Shared Covariance Reduces QDA to LDA
	Slide 84
	Slide 85: LDA
	Slide 86: QDA
	Slide 87
	Slide 88: In practice
	Slide 89
	Slide 90: Alternative approach to do QDA
	Slide 91: Alternative approach to do QDA
	Slide 92: Alternative approach to do QDA
	Slide 93: Alternative approach to do QDA
	Slide 94: An alternative approach for QDA
	Slide 95
	Slide 96
	Slide 97
	Slide 98
	Slide 99: Computation
	Slide 100: Case 1
	Slide 101
	Slide 102: Case 2
	Slide 103
	Slide 104
	Slide 105

