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Error rate
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Bayes Classifier
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Bayes Classifier
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Decision Boundary
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Bayes Classifier
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Bayes Classifier

Why do we need any other method?
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Bayes Classifier

The Bayes rule depends on unknown quantities, so we need to
use the data to find some approximation to the Bayes rule.
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From Bayes Rule to Learning
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The optimal binary classifier is

h*(x) = 1{ η(x) > 1/2 },     η(x) = P(Y = 1 | X = x)

The posterior probability η(x) is unknown.

We observe only a finite training sample, so we must learn an 

approximation from data.

The key distinction is what statistical object the algorithm learns.



Classification Ali Ghodsi

Three Routes to a Classifier

1. Learn class-conditional densities and priors

Estimate p(x | y) and P(y); then use Bayes’ rule.

p(x | y),  P(y)   →   P(y | x)   →   h(x)
Often called the generative route.

2. Learn posterior probabilities directly

Estimate P(y | x) without modeling the distribution of X.

P(y | x)   →   h(x) = arg maxᵧ P(y | x)
The estimator may be global / parametric or local / partition-based.

3. Learn a decision score or boundary directly

Learn f(x); its sign or largest component determines the class.

f(x)   →   h(x)
The learned score need not be a calibrated probability.

Three Routes to a Classifier
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Examples of the Three Routes

Representative methods, grouped by the statistical quantity they aim to learn.

1. Class-conditional densities and priors

Naive Bayes, LDA, QDA

Estimate p(x | y) and P(y), then apply Bayes’ rule.

2. Posterior probability estimation

Global / parametric: logistic regression, softmax regression, softmax networks

Local / partition: k-NN, classification trees, random forests

3. Direct decision-score learning

Perceptron, SVM, margin-trained neural networks

The category refers to the learning target; a model architecture may support more than one route.

Examples of the Three Routes
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Multi-class Classification
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Multi-class Classification
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Toward LDA and QDA

The simplest approach to classification is to use the first
approach and assume a parametric model for the densities.
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Linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)
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LDA
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Quadratic Discriminant Analysis (QDA)
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Gaussian Class-Conditional Models Yield 
Quadratic Discriminant Functions
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Shared Covariance Reduces QDA to LDA
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LDA
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QDA
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In practice
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Alternative approach to do QDA

There is a trick that allows us to use the linear discriminant analysis 
(LDA) algorithm to generate a quadratic function that can be used to 
classify data. This trick is similar to, but more primitive than, the Kernel 
trick that will be discussed later in the course.
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Alternative approach to do QDA

In this approach the feature vector is augmented with the quadratic 
terms (i.e. new dimensions are introduced) We then apply LDA on the 
new higher-dimensional data. 
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Alternative approach to do QDA
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Alternative approach to do QDA
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An alternative approach for QDA
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Computation
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Case 1
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Case 2
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The difference between Case 1 and Case 2 (i.e. the difference between 
using the Euclidean and Mahalanobis distance) can be seen in the 
illustration below.
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