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Fisher’s Linear Discriminant
Analysis (Two class
problem)

Classification



PCA follows the direction of maximum variance

1 UNLABELED DATA

2D feature space

Pgl Observed data

Projection onto one dimension

|_..._'..._..'.._'_...._._'.

PCA summarizes the overall geometry before any classes are known.
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PRINCIPAL COMPONENT

Objective

Maximize total variance

Labels

Not used

Result

PC1 follows the long direction of the
cloud
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PCA projection mixes the red and blue classes

2 REVEAL THE CLASSES

2D feature space

[ ]
o ® Clgs(s:% ® Class2

Projection onto one dimension

|_..._'..._..'.._'_...._._'.
overlap

PCA ignores labels, so the two classes overlap after projection.
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Ali Ghodsi

PRINCIPAL COMPONENT

Same direction

Coloring the points does not change
PC1

1D projection

Red and blue occupy the same range

Why

Maximum variance is not the same as
class separation
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FDA projection cleanly separates the two classes

3 USE THE CLASS LABELS

2D feature space

°
°
)
°®
® e
°
°
°
°
® 9
°
°
°
Projection onto one dimension
e o ® ®
|_'_"._’_'."°_°_.o e e °
clear gap
FDA uses class labels to choose the direction that best separates them.
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Class 1

Class 2

e o .. ® .. s Py ... |

FISHER DISCRIMINANT

Objective

Maximize distance between class
means

Control

Minimize spread within each class

1D projection

Red and blue form distinct groups
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Fisher’s Linear Discriminant Analysis (Two class
problem)

» Assume we have only two classes.

» The idea behind Fisher's Linear Discriminant Analysis is to reduce
the dimensionality of the data to one dimension. That is, to take

d-dimensional x € R and map it to one dimension by finding w’x :

d
z=w'x=|w - wg || : =Zw;x,~
P
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Fisher’s Linear Discriminant Analysis

Goal: To find a direction such that projected data w’x are well
separated.

Consider the two-class problem:
1 1
= — X = — X
Ho o E i H1 N E i
i:yi=0 Eyi=1

We want to:

1. Maximize the distance between projected class means.

2. Minimize the within class variance.
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Fisher’s Linear Discriminant Analysis

The distance between projected class means is:

(w0 —w' )" (W' po —w' 1)
(o — 1) "ww " (10 — pu1)

= w' (o — pa)(po — pn) " w

— w'Sgw

(w0 —w' p11)”

where Sg is the between-class variance (known).
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Fisher’s Linear Discriminant Analysis

Minimizing the within-class variance is equivalent to minimizing the sum
of all individual within-class variances. Thus the within class variance is:

wrw+w' Ziw = w' (T4 X;)w

= w'Syw

where Sy is the within-class covariance (known).
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Classification

Fisher’s Linear Discriminant Analysis

To maximize the distance between projected class means and minimize
the within-class variance, we can maximize the ratio:

max WTSBW
W

w’Syw
This is equivalent to finding:

max
w w'Sgw

subject to the constraint:
WTSWW =il
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Fisher’s Linear Discriminant Analysis

To turn this constraint optimization problem into a non-constranst
optimization problem, we apply Lagrange multipliers:

L(w,)\) =w'Sgw — A\(w'Syw — 1)

Differentiating with respect to w we get:

ﬂ = 25w — \25yw
ow

|
=

SBW — /\SWw
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Fisher’s Linear Discriminant Analysis

This is a generalized eigenvector problem that is equivalent to (if Sy is
not singular):
S‘X/ISBW = AW

where \ and w are the eigenvalues and eigenvectors of S,,'Sg
respectively.

w is the eigenvector of S,'Sg.
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Fisher’s Linear Discriminant Analysis (A simpler
solution)

In fact, for two-classes problems, there exists a simpler solution.

» Recall that SB — (,uo — ,ul)(,uo it ,ul)T

> Spw = (o — p1)(pto — pa) "w

> (to — 1) " w is a scalar.

» Therefore Sgw o (119 — p11). That is, Sgw is on the same direction

as (fo — p1).
> And since S;;' Spw = \w, we get:

Sw (1o — p11) o< w

which gives us the direction.
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Fisher Discriminant Analysis For Multiple
Classes

.
» We have defined s(w) = ngB::I/ that needs to be maximized.

» w is the largest eigen vectors of S,, ' Sg.
» For two classes, w o< Sy, (110 — 1)

» For k-class problem, Fisher Discriminant Analysis involves (k — 1)
discriminant functions.
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Fisher Discriminant Analysis For Multiple
Classes

Make Wy (k-1) where each column describes a discriminant. So now, we
have to update the two notions we have defined for a 2-class problem, Sg

and Sy .
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Fisher Discriminant Analysis For Multiple
Classes

K
> SW = ZZ,
=

» Sp generalization to multiple classes in not obvious. We will define
the total variance S+ as the sum of the within class variance and
between classes variance.

St =5+ Sw

1 n
where ST — ; Z(X,' = ,LL)(X,' — ,LL)T

i=1

and p = %ix,—.
i=1

So
Sg =St — Sw
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Fisher Discriminant Analysis For Multiple
Classes

It can be shown that W is the first (k — 1) eigen vectors of Sy, ' Sg.
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