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Model Selection

• The general task in machine learning is estimating a function.
• We want to estimate :
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• Empirical error:
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True error

Empirical error
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err Err

⇒  E[ εᵢ (f̂i  − fᵢ) ]  =  E[ (yᵢ − fᵢ)(f̂ᵢ − fᵢ) ]  =  0
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Complexity of model
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err Err

Complexity of model

Stein’s Unbiased Risk 
Estimator (SURE)



Deep Learning

• SURE gives us a very good insight about the behavior of true error 
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Deep Learning

• SURE gives us a very good insight about the behavior of true error 
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Empirical error (err)
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interpolation threshold = minimum model complexity needed to get zero training error.

Double descent: error can decrease again after interpolation
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Deep Learning

Double descent

• interpolation threshold: minimum model complexity needed to get zero 
training error.

• As model complexity increases beyond interpolation threshold, there are 
many more zero-training-error solutions available, and the learning 
algorithm can often select solutions with better implicit regularization, 
causing test error to fall again.

• For example, in a regression problem with 𝑛 training points and 
𝑝 parameters, the interpolation threshold is often around 𝑝 ≈ 𝑛, though 
the exact location depends on the model, data, loss, and optimization 
method.
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Implicit Regularization in Overparameterized 
Linear Regression
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Which Solution Does Gradient Descent 
Choose?
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SURE estimates risk; it does not explain double descent
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SURE / classical view Double-descent view
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one U-shaped minimum
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parameter count

interpolation

Err = err − nσ² + 2σ² Σⁿᵢ₌₁ Dᵢ
err = Σⁿᵢ₌₁(ŷᵢ − yᵢ)²

Parameter count may not track effective complexity. 
Optimization also selects among many exact-fit 
solutions.

SURE can evaluate a fitted estimator; it does not explain the mechanism producing the 
second descent.



Grokking: memorization first, generalization much later
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training time / epochs

memorization grokking

training

test

1  Learn examples

Training accuracy rises 
quickly.

2  Memorize

Training accuracy ≈ 100%, 
while test accuracy 
remains low.

3 Delayed generalization

Much later, test accuracy 
rises although model size 
is unchanged.

Not every overfit model groks.  
Power et al. (2022)



SURE does not explain grokking's delayed transition
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time t₁: memorized time t₂: generalized

same model size

training error ≈ 0

test error high

same model size

training error ≈ 0

test error low

continued optimization

representation • norm • 
margin

These solution properties change although parameter count 
and training error do not.

SURE can estimate risk at t₁ and t₂; it does not explain the path from 
t₁ to t₂.



Zero training error does not automatically mean harmful 
overfitting
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stable / simple interpolator

training error = 0

smooth between examples → lower test 
error

unstable / noise-fitting 
interpolator

training error = 0

large changes between examples → 
higher test error

Interpolation is a training-data property. Harmful overfitting means poor 
performance on unseen data.



Why regularization still matters after double descent
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many solutions fit the training data

all have training error = 0

regularization

L2 • early stopping
augmentation • noise

preferred solution

lower norm • smoother • 
more stable

Regularization does not merely prevent fitting; it chooses which fitting solution we 
trust.

Goal: low expected test risk
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