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Small input noise adds a deterministic regularizerSmall input noise adds a deterministic regularizer

Consider a regression model with squared-error loss:

f(x; w) = ŷ(x)

J(w) = E₍ₓ,ᵧ₎ [ ½( f(x;w) − y )² ]

Inject zero-mean noise into the input:

x̃ = x + ε,      E[ε] = 0,      Cov(ε) = Σ

The noisy training objective becomes:

J_noise(w) = E₍ₓ,ᵧ,ε₎ [ ½( f(x+ε;w) − y )² ]

For small noise, this is equivalent to adding a penalty that discourages predictions from 
changing rapidly with the input.
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A second-order expansion isolates the relevant termsA second-order expansion isolates the relevant terms

Let

r = f(x) − y,      g = ∇ₓf(x),      H = ∇ₓ²f(x).

A second-order Taylor expansion gives:

f(x+ε) − y ≈ r + gᵀε + ½ εᵀHε

Substituting into the squared loss and keeping terms through order ε²:

2ℓ_noise ≈ r² + 2r gᵀε + r εᵀHε + (gᵀε)²

Terms containing three or four factors of ε are higher order and are dropped.
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Averaging over noise reveals two penaltiesAveraging over noise reveals two penalties

Use the covariance identities:

E[gᵀε] = 0

E[εᵀHε] = tr(HΣ)

E[(gᵀε)²] = gᵀΣg

Therefore, at one training example:

Eε[ℓ_noise] ≈ ½r² + ½r · tr(HΣ) + ½gᵀΣg

For isotropic noise, Σ = νI:

J_noise ≈ J + ½ν E[(f−y) tr(H)] + ½ν E[‖∇ₓf‖²]

The first added term depends on curvature; the second directly penalizes input sensitivity.
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Near least squares, only the sensitivity penalty remainsNear least squares, only the sensitivity penalty remains

For squared error, the optimal predictor is the conditional mean:

f*(x) = E[y | x]

Hence the residual has zero conditional mean:

Eᵧ|ₓ [ f*(x) − y ] = 0

Small noise shifts the solution by O(ν). Since the curvature term already contains ν, its 
contribution is O(ν²) and can be ignored to first order.

Thus the first-order noisy objective is:

J_noise ≈ J + ½ E[ ∇ₓf(x)ᵀ Σ ∇ₓf(x) ]

Noise injection is therefore a Jacobian, or input-sensitivity, regularizer.
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Noise covariance selects the directions we smoothNoise covariance selects the directions we smooth

Decompose the noise covariance into its eigen-directions:

Σ = U diag(σ₁², …, σ_d²) Uᵀ

Then the sensitivity penalty becomes:

∇fᵀΣ∇f = ∑ᵢ σᵢ² (uᵢᵀ∇f)²

•  uᵢ is an eigenvector: a direction in input space.

•  σᵢ² is the injected noise variance in that direction.

•  uᵢᵀ∇f is the sensitivity of the prediction along that direction.

Larger noise variance produces stronger smoothing in the corresponding direction—parallel to 
the eigen-direction interpretation of L² regularization.
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For linear models, input noise is exactly L² weight decayFor linear models, input noise is exactly L² weight decay

For a linear predictor:

f(x) = wᵀx + b,      ∇ₓf = w,      ∇ₓ²f = 0

The expected noisy squared loss is exactly:

Eε[ ½(wᵀ(x+ε)+b−y)² ]

= ½(wᵀx+b−y)² + ½wᵀΣw

For isotropic noise, Σ = νI:

J_noise = J + ½ν ‖w‖²

Thus a nonlinear network receives a local Jacobian penalty, while a linear model receives 
ordinary L² weight decay.
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Early stopping is a spectral regularizer

The key idea: gradient descent learns some curvature directions faster than others.

1  Approximate the training loss near its 

J(w) ≈ J(w*) + ½ (w − w*)ᵀ H (w − w*)

2  Rotate into the eigenvectors of H

H = QΛQᵀ,     Λ = diag(λ₁,…,λₖ),     z = Qᵀw

In the z-coordinates, each direction i evolves independently. We only need to 

solve one scalar recurrence.
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One eigendirection gives the whole derivation

Assume z⁽⁰⁾ = 0 and choose 0 < ηλᵢ < 1 for a simple monotone trajectory.

Gradient-descent update

zᵢ⁽ᵗ⁾ = zᵢ⁽ᵗ⁻¹⁾ − ηλᵢ (zᵢ⁽ᵗ⁻¹⁾ − zᵢ*)

Define the error eᵢ⁽ᵗ⁾ = zᵢ⁽ᵗ⁾ − zᵢ*

eᵢ⁽ᵗ⁾ = (1 − ηλᵢ)eᵢ⁽ᵗ⁻¹⁾   ⇒   eᵢ⁽ᵗ⁾ = (1 − ηλᵢ)ᵗ eᵢ⁽⁰⁾

Substitute eᵢ⁽⁰⁾ = −zᵢ*

zᵢ⁽ᵗ⁾ = [1 − (1 − ηλᵢ)ᵗ] zᵢ*
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Stopping at time t applies a curvature-dependent filter

Define the fraction of direction i that has been learned by time t.

gₜ(λ) = 1 − (1 − ηλ)ᵗ,       zᵢ⁽ᵗ⁾ = gₜ(λᵢ) zᵢ*

LARGE CURVATURE  λᵢ

(1 − ηλᵢ)ᵗ decays quickly

The direction is learned early.

mostly learned

SMALL CURVATURE  λᵢ

(1 − ηλᵢ)ᵗ stays near 1

The direction is still suppressed.

barely learned

Early stopping regularizes by attenuating the slow, low-curvature directions.
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L² regularization produces a similar spectral shrinkage

Add an L² penalty and solve the same quadratic model exactly.

minimize   J(w) + (α/2)‖w‖²

zᵢ(ridge) = [ λᵢ / (λᵢ + α) ] zᵢ*

Direction Early stopping L² / ridge

large λᵢ gₜ(λᵢ) ≈ 1 λᵢ/(λᵢ+α) ≈ 1

small λᵢ gₜ(λᵢ) is small λᵢ/(λᵢ+α) is small

Both methods preserve high-curvature signal and shrink low-curvature directions.
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Training time acts like an inverse regularization strength

The correspondence is approximate: the two filters have different shapes, but similar transition scales.

1  Small-step approximation

(1 − ηλ)ᵗ ≈ exp(−ηλt)

gₜ(λ) ≈ 1 − exp(−ηλt)

2  Compare where each filter turns on

early stopping:  ηλt ≈ 1  ⇒  λ ≈ 1/(ηt)

ridge:                         λ ≈ α

effective α ≈ 1/(ηt)
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The stopping time is the regularization knob

Validation chooses how much of the slow spectrum the model is allowed to learn.

Stop earlier

t ↓   ⇒   effective α ↑

stronger regularization

Train longer

t ↑   ⇒   effective α ↓

weaker regularization

Use validation

Select the checkpoint 

with the lowest validation 

loss—not the final iterate.

Practical rule
Train → monitor validation loss → stop after patience → restore the best 

checkpoint.

What is exact—and what is intuition?

The derivation is exact for a quadratic loss, full-batch gradient descent, constant η, and zero initialization. For neural 

networks it is a useful local/spectral explanation, not an exact equality to one fixed L² penalty.
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Deep Learning

Dropout

• Dropout is one of the techniques for preventing overfitting in deep 
neural network which contains a large number of parameters.
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Original Paper

• Title:
– Dropout: A Simple Way to Prevent Neural Networks from Overfitting (2014).

• Authors:
– Nitish Srivastava, Geoffrey Hinton, Alex Krizhevsky, Ilya Sutskever, Ruslan 

Salakhutdinov

• Organization:
– Department of Computer Science, University of Toronto

• URL:
– https://www.cs.toronto.edu/~hinton/absps/JMLRdropout.pdf
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Deep Learning

Overview

•  The key idea is to randomly drop units from the neural network 
during training. 

• During training, dropout samples from number of different “thinned” 
network. 

• At test time, we approximate the effect of averaging the predictions 
of all these thinned networks.
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